We demonstrate that stable nonlinear localized modes can exist not only at a light-mass isotopic impurity, but also at a heavy-mass impurity, due to an interplay between discreteness and nonlinearity. This is in sharp contrast to the theory of linear lattice vibrations that an impurity mode is possible only at a light-mass defect. We determine the structure of the nonlinear impurity modes analytically using a four-particle approximation, and confirm the stability by direct numerical simulations. ͓S0163-1829͑97͒06221-8͔
I. INTRODUCTION
As is well known, localized modes ͑spatially localized oscillations͒ with frequency lying above the upper cutoff frequency of the linear spectrum band can exist in nonlinear lattices with or without impurities ͑see, e.g., Refs. 1-9͒. In the case of a perfect lattice, such modes have been named intrinsic localized modes in order to distinguish them from the impurity-induced modes. If the frequency of the localized mode is close to the cutoff frequency, the mode is spatially wide and can be described as an envelope soliton of the effective nonlinear Schrödinger equation ͑see, e.g., Refs. 6,8͒. On the other hand, when the frequency of the mode is much larger than the cutoff frequency, the mode is localized on a few neighboring particles. Such strongly localized modes have two types of structure: the Sievers-Takeno ͑ST͒ mode, 3 whose oscillation center is at a particle site, and the Page ͑P͒ mode, whose oscillation center is midway between two neighboring particle sites. 4 These two distinct types of stationary localized modes can be related to an effective periodic Peierls-Nabbaro ͑PN͒ potential: 7, 10 the ST mode is centered at the top of the PN potential, whereas the P mode is centered at the bottom of the PN potential.
The presence of isotopic impurities in nonlinear lattices can drastically change the properties of localized modes. This issue was discussed in Ref. 11 within the continuum approximation. It was shown that localized impurity modes can exist for both light and heavy mass isotopic defects, and that their structures strongly depend on the mass ratio parameter ϭM /m, m being the particles' mass in the lattice and M being the defect mass. Later, it was shown that for a light mass (Ͻ1), the impurity mode is stable, 8, 9, 12, 13 whereas for a heavy mass (Ͼ1), the impurity mode is unstable. 12, 13 Similar results have been reported recently for another type of impurity that modifies the force constant of the neighboring particle interactions in the lattice. 14 However, the previous studies of the stability of ͑heavy-mass͒ impurity modes, 8, 12, 13 have been based on continuum approximation. Such an approximation is not valid when the impurity mode has a large amplitude and is localized on only a few particles. The main objective of the present paper is to show that, due to strong discreteness effects, stable localized nonlinear modes can exist at, or in the vicinity of, a heavymass impurity. The heavy-mass impurity mode can be viewed as an asymmetric P mode whose center is slightly shifted. Moreover, we determine the structure of the heavymass impurity modes analytically using a four-particle approximation, and confirm the mode existence and stability by direct numerical simulations.
II. QUASICONTINUUM APPROACH AND QUALITATIVE PICTURE
Our analysis is based on a simple but rather fundamental model, a one-dimensional anharmonic chain of particles interacting via nearest-neighbor quadratic-quartic potential
The equations of motion are
We assume that the particle with the number nϭ0 is an isotopic impurity, i.e., m n ϭm, for n 0, and m n ϭM , at nϭ0. 
͑3͒
First, we use a quasicontinuum approximation and treat v n as a function of the continuous coordinate xϭna, a being the lattice spacing. Then the function v(x,t)ϭv n (t) satisfies the following partial differential equation:
The small-amplitude spatially localized solution of Eq. ͑4͒ can be found by applying the method of asymptotic expansions. 2 For the perfect lattice (ϭ1) the first term of the expansion has the following form:
where
,ϭ2⑀/a, and x 0 is the center of the localized oscillations. The energy of the mode is defined as ͑for a general case, 1)
so that the nonlinear mode ͑5͒ has the energy E s ϭE 0 ⑀, where E 0 ϵ4k 2 2 /3k 4 . When the lattice has an isotopic impurity ( 1), the localized nonlinear mode ͑5͒ interacts with the impurity. The interaction energy averaged over the oscillation period can be calculated by using Eqs. ͑5͒ and ͑6͒:
As follows from Eq. ͑7͒, the light-mass impurity (Ͻ1) attracts the nonlinear localized mode, whereas the heavymass impurity (Ͼ1) always repels it. That is why a lightmass impurity mode is stable, but a heavy-mass mode is unstable in the continuum limit. 8, 13 This result is also consistent with the well-known theory of vibrations in linear lattices with defects, where lattice phonons can be attracted only by a light-mass impurity.
One the other hand, lattice discreteness can significantly change the properties of the nonlinear modes. The discreteness breaks the continuous translational invariance of the system and generates a periodic Peierls-Nabarro ͑PN͒ potential to the localized modes. 7, 10 In particular, the effective PN potential to the mode ͑5͒ was found 7 to be
Therefore, in the vicinity of the impurity site the interaction energy ͑7͒ will be modified by the presence of the PN potential, and the total interaction energy becomes
͑9͒
Apparently, a localized mode centered at x 0 ϭx 0m is stable if and only if x 0m is a local minimum of the total potential energy U tot (x 0 ). Thus, x 0m should satisfy the equation
where ϵ(6 3 /⑀ 3 )exp(Ϫ 2 /2⑀). Equation ͑10͒ has a trivial solution x 0m ϭ0 for any which, as can be easily verified, is a stable point for Ͻ cr , where cr Ϸ1Ϫ/⑀. For any Ͼ cr there exist many nontrivial solutions x 0m 0 which correspond to either stable or unstable equilibrium states. For selected within the interval ( cr ,1), the stable solutions correspond to lightmass impurity modes including the asymmetric mode discussed previously. 9 For →1, we have (x 0m /a)→1/2, and the stable mode structure approaches the structure of the stable P mode. 4 Further increasing the mass ratio beyond the threshold ϭ1 ͑see Fig. 1͒ , we can obtain a stable nonlinear impurity mode even for the defect with a heavy mass. Such a mode can be considered as a P mode whose center is shifted away from the impurity site.
Generally, due to a balance between the interaction energy U int (x 0 ) and the PN potential U PN (x 0 ), stable localized modes can be situated at certain distances from the impurity. This corresponds to other ͑stable͒ branches shown as solid curves in Fig. 1 . Of course, when the mode is far away from the impurity, the oscillation amplitude of the impurity particle will be ͑vanishingly͒ small. In such a case, the interaction between the mode and the impurity is negligible, and it needs not be treated as an impurity mode. 
III. STRONGLY LOCALIZED IMPURITY MODES
When the frequency of the nonlinear mode is much higher than the upper cutoff of phonon frequency ( 2 ӷ m 2 ), the mode is localized on a few particles only, so that we can reduce the system ͑2͒ to a few coupled equations. We use the so-called rotating wave approximation 3, 4, 9 and consider only the amplitudes of the first harmonics. Thus, we look for a solution of Eqs. ͑2͒ in the form
where ␦ϭ m /ͱ 2 Ϫ m 2 is a small parameter. Neglecting all terms of order ␦ 2 we can obtain the reduced equations
which is a good approximation in the case of large mode frequency.
In our earlier study, 9 the system ͑12͒ was analyzed for the case Ͻ1 by taking into account three neighboring particles with the numbers nϭϪ1,0,ϩ1. Using this system, we described two types of nonlinear impurity modes, namely, the quasi-ST and quasi-P modes. We found that for Ͼ cr Ϸ0.91, the ST-like impurity mode with a maximum at the impurity site becomes unstable, and it transforms eventually into a quasi-P mode which we called the asymmetric impurity mode.
The approach adopted previously 9 is valid near the bifurcation point ϭ cr ͑see Fig. 1͒ , where w 2 is still small. However, when grows, the amplitude w 1 becomes large, and so does w 2 . Therefore, in order to analyze the case of the heavy-mass impurity and the corresponding mode structure, we should take into account at least four particles. Assuming that the strong nonlinearity makes the mode localized on four particles near the impurity site ͑i.e., w n ϭ0 for all nрϪ2 and nу3), we can reduce the system ͑12͒ to the form 4w Ϫ1 Ϫw Ϫ1 3 Ϫ͑w Ϫ1 ϩw 0 ͒ 3 ϭ0,
Even for such a drastically simplified system it appears impossible to represent the solutions for the amplitudes w n (nϭϪ1,0,1,2) analytically in terms of . In order to find these dependences, we use the following method. From the last two equations of the system ͑13͒ we find 
Because the first equation of the system ͑13͒ is cubic in w Ϫ1 , it can be solved analytically to obtain the solution for w Ϫ1 (w 0 ), and thus we get w Ϫ1 (w 2 ) using Eq. ͑15͒. Finally, from the second equation of the system ͑13͒ we have the relation
Now, using these relations we can easily obtain the dependences w n () numerically. The corresponding results are presented in Fig. 2 . Note that at the point ϭ1 we have w Ϫ1 ϭw 2 Ϸ0.106 and w 0 ϭw 1 Ϸ0.645, which gives an accurate approximation to the structure of the Page mode. For Ͻ1 we reveal a structure similar to the asymmetric mode described in our previous work. 9 For greater than 1 but less than a critical value ͓which is about 1.0547; for Ͼ1.0547 there is no physically valid solution for Eqs. ͑13͔͒, we find a heavy-mass impurity mode, which can be considered as a P-type mode with its center slightly shifted. These results are in a good agreement with the qualitative picture described in the last section and sketched in Fig. 1 .
IV. NUMERICAL SIMULATION RESULTS
In order to verify the above analytical results and to investigate the stability of the nonlinear impurity modes for different values of , we carry out direct numerical simulations of Eqs. ͑2͒ describing a chain of 200 particles with an isotopic impurity at (nϭ0) the middle of the chain. Without loss of generality, we take the model parameters as k 2 ϭk 4 ϭ1 and the mass of the chain particles as mϭ1. ͑Note that for other values of the model parameters the results of the simulation remain qualitatively the same.͒ All the simulation results are obtained by using an optimized fourthorder symplectic integrator, 15 which conserves the system's total energy with a very high accuracy.
For different values of the mass ratio ϭM /m and the initial mode amplitude A, we observe that the localized solution obtained in the framework of the four-particle approximation ͑with sufficiently large amplitude͒ represents a very stable impurity mode for both light-mass and heavymass defects. In Fig. 3 we show several examples of the nonlinear modes for different values of . Note that as increases from a value smaller than 1.0 ͓Fig. 3͑a͔͒ to a value greater than 1.0 ͓Fig. 3͑c͔͒, the amplitude of the impurity particle u 0 becomes lower than u 1 . This means that the mode's center is getting shifted from a position closer to the impurity to a position farther away ͑see also Figs. 1 and 2͒.
For a given value of ,1ϽϽ th Ϸ1.052, there exists a threshold value of the initial amplitude A th (), such that if AϾA th () the mode obtained by the four-particle approximation will stay at the impurity site ͓see Fig. 3͑c͔͒ . Otherwise, the mode will move away, but eventually it gets trapped somewhere in the lattice by one of the PN potential wells. This also indicates that the four-particle approximation is valid, in principle, when the mode amplitude ͑and thus the frequency͒ is large enough.
Moreover, we have found that the threshold amplitude A th () increases rapidly with . For example, for ϭ1.011, 1.032, and 1.051, the threshold amplitudes are A th ()ϭ1.0,1.9, and 6.0, respectively. For ϭ1.054, this kind of heavy-mass impurity mode is not stable even in the limit of very large amplitude ͑e.g., up to the value Aϭ12.0). Note that a larger amplitude corresponds to a higher frequency and a much larger energy for the mode.
However, for even larger values of the impurity mass, .   FIG. 4 . Evolution of the nonlinear mode initially located in the neighbor of a heavy-mass impurity with a rather large mass ratio. ͑a͒ ϭ1.5, stable Page-like mode trapped by the PN potential well second next to the impurity. ͑b͒ ϭ1.7, the mode is pushed away by the impurity-induced force, but eventually gets trapped in another PN potential well. stable nonlinear modes can still exist at a certain distance from the impurity site. This is due to the stabilization effect of the discreteness: the nonlinear localized mode, although being ''pushed'' by a repulsive impurity, can still get trapped by one of the subsequent minima of the PN potential. To show this effect, we start from a Page-like mode centered between the particle sites with the numbers nϭ1 and nϭ2 ͑note that the impurity is at the particle site with the number nϭ0). We fix the initial amplitude Aϭ2.0, and then increase the mass ratio from 1.0. We observe that the mode is stable for р1.6 ͓Fig. 4͑a͔͒. However, for larger values of , the impurity-induced repulsive force becomes so large that the mode will be pushed away, until it gets trapped by one of the PN potential wells ͓Fig. 4͑b͔͒.
V. CONCLUSIONS
In summary, we have presented analytical and numerical evidence to show that nonlinear impurity modes exist near the heavy-mass defect site, due to the stabilization effect of the lattice discreteness. This surprising result is in sharp contrast to the theory of linear lattice vibrations. Our study indicates, once again, that the interplay between discreteness and nonlinearity plays an important role in the energy localization in disordered lattices. In particular, it allows localized modes to exist at, or in the vicinity of, repulsive defects.
